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1. Introduction

The notation of a fuzzy set was introduced by L. A. Zadeh [9] and since then this
concept has been applied to various algebraic structures. The concept of intuition-
istic fuzzy set was introduced by K. T. Atanassov [2,3], as a generalization of the
notation of fuzzy sets N. Kuroki [4] discussed characterizations of semigroups. K.
H. Kim and Y. B. Jun [6] considered the intuitionistic fuzzification of the notation
of several ideals in a semigroup and investigated some properties of such ideals. M.
T. Abu Osman [1] defined t-norm T and Y. Yu, J. N. Mordeson and S. C. Cheng
[7] defined s-norm S. In this paper, using (T, S)-norm we study intuitionistic fuzzy
ideals of semigroups and establish some results.

2. Preliminaries
Definition 2.1. [6] Let S be a semigroup. By a subsemigroup of S, we mean a
non-empty subset A of S such that A% C A.

Definition 2.2. [6] By a left (right) ideal, we mean a non-empty subset A of S
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such that SA C A (AS C A).

Definition 2.3. [6] A subsemigroup A of a semigroup S is called an interior ideal

of S if SAS C A.

Definition 2.4. [6] By a two sided ideal or simply ideal, we mean a non-empty
subset of S which is both a left and a right ideal of S.

Definition 2.5. [6] A subsemigroup of a semigroup S is called a bi-ideal of S if
ASAC A.

Definition 2.6. [6] A semigroup S is said to be reqular if for each x € S, there
exist s € S such that x = zsx.

Definition 2.7. [6] A semigroup S is said to be left (right) simple if S has no
proper left (right) ideals.

Definition 2.8. [6] A semigroup S is called left-zero (right-zero) if vy = x (zy = y)
forallz,y € S.

Definition 2.9. [6] If a semigroup S has no proper ideals, then we say that S is
simple.

Definition 2.10. [6] An element e in a semigroup is called an idempotent if ee = e

and Es denote the set of all idempotents in a semigroup S.

Definition 2.11. [2] A fuzzy subset u of a semigroup S is called a fuzzy subsemi-
group of S if p(xy) > min{u(x), j(y)} for all v,y € .

Definition 2.12. [2] A fuzzy subsemigroup p of a semigroup S is said to be a fuzzy
bi-ideal of S if p(xwy) > min{u(x), u(y)} for all x,w,y € S.

Definition 2.13. [2] A fuzzy subset pu of a semigroup S is called a fuzzy left ideal of
S if u(xy) > p(y) for all x,y € S (or p is called a fuzzy right ideal if p(zy) > u(x)
forall z,y € S).

Definition 2.14. [1] By a t-norm T, we mean a function T : [0, 1] x [0,1] — [0, 1]
satisfying the following conditions:

(1) T'(z, 1) ==,

(2) T(z,y) <T(z,2) if y <z,

(3) T'(z,y) =T(y, ),

(4) T(x,T(y,2)) = T(T(x,y), z), for all x,y,z € [0,1].

Proposition 2.15. [1] Every t-norm T has a useful property: T'(«, ) < min(c, (),
for all a, B € [0,1].
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Definition 2.16. [7] By a s-norm S, we mean a function S : [0,1] x [0,1] — [0, 1]
satisfying the following conditions:

(1) S(z,
(2)
(3)
(4)

Proposition 2.1
for all a, B € [0, 1].

3. Intuitionistic fuzzy ideals
In what follows, let S denote a semigroup unless otherwise specified.

Definition 3.1. An IFS A in S is called an intuitionistic (T,S)-normed fuzzy
sub-semigroup of S if

(1) palzy) = T{pa(), na(y)},

(2) va(zy) < S{va(z),va(y)}, for all x,y € S.
Definition 3.2. An IFS A in S is called an intuitionistic fuzzy left ideal of S if
pa(zy) = pa(y) andva(zy) < wvaly), for all z,y € S.
Definition 3.3. An IFS A in S is called an intuitionistic fuzzy right ideal of S if
pa(zy) > pa(z) andva(xy) < va(z), for all x,y € S.

Definition 3.4. An IFS A in S is called an intuitionistic fuzzy ideal of S if it is
both an intuitionistic fuzzy right ideal and an intuitionistic fuzzy left ideal of S.

0) ==z,
y) < S(z,2)if y <z,

y) = S(y, ),

S(y,2)) = S(S(x,y),2), forall z,y,z € [0,1].

[7] Every s-norm S has a useful property: S(«, 8) > max(a, (),

S(a,
S(z,
S(z,
7.

Definition 3.5. An intuitionistic (T, S)-normed fuzzy sub-semigroup A of S is
called an intuitionistic (T, S)-normed fuzzy bi-ideal of S if

(1) palzwy) = T{pa(z), na(y)},
(2) va(zwy) < S{va(z),valy)}, for all z,w,y € S.

Example 3.1. Let S = {a,b,¢,d,e} be a semigroup with the following cayley
table:

. a b c d e
a a a a a a
b a a a a «a
c a a c c e
d a a c d e
e a a ¢ c e
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Let T : [0,1] x [0, 1] be a function defined by T'(«, ) = max(a+ 3 —1,0), for all
a,p €[0,1] and S : [0,1]x[0, 1] be a function defined by S(«, 8) = min(a+p, 1), for
all o, 8 € [0,1]. Then T is a t-norm and S is a s-norm. Define an IFS A =< 4, v4 >
in S by pa(a) = 0.6, pa(b) = 0.5, pa(c) = 0.4, pa(d) = pale) = 0.3, vala) =
va(b) = 0.3, va(c) = 0.4, va(d) = 0.5 and v4(e) = 0.6.

By routine calculation we can check that A =< 4,4 > is an intuitionistic (T,
S)-normed fuzzy bi-ideal of S.

Theorem 3.6. If A is an intuitionistic (T, S)-normed fuzzy subsemigroup of S,
then A =< x4, Xa > is an intuitionistic (T, S)-normed fuzzy subsemigroup of S.

Proof. Let A =< pa,v4 > be an intuitionistic (7,.S)-normed fuzzy subsemi-
group of S and let z,y € S. Then pa(zy) > T{pa(z),pa(y)} and va(zy) <

S{va(z),valy)}-
If x,y € A, then zy € A. In this case xa(xy) =1 > T{xa(x), xaly)}

Xa(zy) =1 — xa(zy)
<1 —T{xa(z),xa(y)}
=S{1 — xa(x),1 — xaly)} =S{xa(z),xaly)}.

Ifxg Aory ¢ A, then xa(x) =0 or xa(y) =0. Thus

xa(zy) > 0 =T{xa(z), xa(y)} and
S{xa(z),xa(y)} =S{1 — xa(z), 1 — xa(y)}
=1 —T{xa(z),xa(y)} =12 xa(ry).

Hence A =< x4, X4 > is an intuitionistic (7, S)-normed fuzzy subsemigroup
of S.

Theorem 3.7. Let A be a non-empty subset of S. If A =< xa,Xa > is an
intuitionistic (T, S)-normed fuzzy subsemigroup of S, then A is subsemigroup of S.
Proof. Suppose that A =< x4, X4 > is an intuitionistic (T, S)-normed fuzzy
subsemigroup of S and x € A% 1In this case x = wv for some u,v € A. Now
Xa(@) = xa(uwv) = T{xa(u), xa(v)} = 1.

Hence xa(x) =1, that is € A. Thus A is subsemigroup of S.

Xa(z) = Xa(uv) <S{Xa(u), xa(v)}
=5{1 — xa(u),1 — xa(v)} =0 and so
Xa(x) =1 = xa(z) = 0.

Therefore y4(z) = 1, that is x € A. Hence A is subsemigroup of S.
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Theorem 3.8. Let U be a left-zero subsemigroup of S. If A =< ja,va > is an
intuitionistic fuzzy left ideal of S, then the restriction of A to U is constant, that
is, A(x) = A(y) for all z,y € U.

Proof. Let x,y € U. Since U is a left-zero, xy = x and yxr = y. In this case, we
have

pa() =pa(zy) > pa(y), paly) = palyzr) > palw),
va(z) =va(zy) < va(y) and va(y) = va(yx) < va(x).

Thus we obtain pa(z) = pa(y) and va(z) = va(y), for all z,y € U.
Hence A(x) = A(y), for all x,y € U.

Lemma 3.9. If A is a left ideal of S, then A =< xa,Xa > is an intuitionistic
fuzzy left ideal of S.
Proof. Let x,y € S. Since A is a left ideal of S, xy € A if y € A. It follows that

xa(ry) =1 = xa(y) and
Xa(zy) =1 = xa(zy) =0=1—xa(y) = Xa(y).
If y ¢ A, then xa(y) = 0. In this case

Xa(zy) 20 = xa(y) and
Xa(y) =1 = xa(y) =1 > xa(zy).

Consequently, A =< x4, X4 > is an intuitionistic fuzzy left ideal of S.
Theorem 3.10. Let A =< pa,va > be an intuitionistic fuzzy left ideal of S. If Fy
is a left-zero subsemigroup of S, then A(e) = A(e’) for all e, €’ € E.

Proof. Let e¢,¢’ € E,. Now ee’ = e and e’e = ¢/. Thus, since A =< 4,4 > is an
intuitionistic fuzzy left ideal of S, we get that

pa(e) =palee’) =z pa(e’),
pa(e’) =pa(e'e) = pale),
va(e) =va(ee’) <wva(e) andvy(e) = va(e'e) < wvale).

Hence we have pa(e) = pa(e’) and va(e) = va(e'), for all e, ¢’ € F,. This
completes the proof.

Definition 3.11. An IFS A =< pa,va > in S is said to be an intuitionistic fuzzy

interior ideal if

(1) palwsy) Zpals)
(2) va(zsy) <va(S) for all s,z,y € S.
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Remark 3.12. [t is clear that every intuitionistic fuzzy ideal of S is an intuition-
istic fuzzy interior ideal of S.

Theorem 3.13. If S is reqular, then every intuitionistic fuzzy interior ideal of S
15 an intuitionistic fuzzy ideal of S.

Proof. Let A =< pa,v4 > be an intuitionistic fuzzy interior ideal of S and
x,y € S. In this case, because S is regular, there exist s, s € S such that x = zsx
and y = ys'y. Thus

pa(zy) =pa(z(ys'y)) = pazy(s'y)) = paly) and
va(ry) =va(z(ys'y)) =valzy(s'y)) <wvaly)

It follows that A =< 4,4 > is an intuitionistic fuzzy left ideal of S. Similarly
we can show that A =< pua,v4 > is an intuitionistic fuzzy right ideal of S. This
completes the proof.

Theorem 3.14. Let S be a reqular and let A be a non-empty subset of S. If
A =< x4,Xa > 15 an intuitionistic fuzzy interior ideal of S, then A is an interior
ideal of S.

Proof. By Theorem 3.7, A is a subsemigroup of S. Suppose that A =< x4, Y4 >
is an intuitionistic fuzzy interior ideal of S and z € SAS. In this case, x = sat,
for some s,t € S and a € A. It follows that ya(z) = xa(sat) > xa(a) = 1. Hence
xa(x) =1, that is x € A.

Therefore x4(z) = 1, that is x € A. Thus A is a interior ideal of S.
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